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MAC [2] Level Set [3]
. ,
, ,











[5]. , $h_{0}$ , $\ell$ , $u_{0}$ . $l,$ $u_{0}\sim 1$
, $h_{0}/\ell\sim\epsilon(\ll 1)$ . $(.x., \approx)$
$(u, w)$ , $u\sim u_{0}\sim 1,$ $x\sim\ell\sim 1,$ $t\sim\ell/u_{0}\sim 1,$ $z\sim h_{0}/\ell\sim\epsilon$ , .
, $\partial/\partial t,$ $\partial/\partial x\sim 1,$ $\partial/\partial z\sim\epsilon^{-1}$ , $w\sim\epsilon\cdot n\sim\epsilon$ .
( $\text{ }-$ ) $x$ , $\partial^{2}u/\partial z^{2}\sim\partial p/\partial x$
, $p\sim\epsilon^{-2}$ . , $z$ , $p/\partial z\sim 0$ .
, ( )
p/\partial z $=0$ , $-\partial p/\partial_{X+l^{l}}\partial^{2}u/\partial z^{2}=0$ , $\partial u/\partial.x+$ lp’/\partial \tilde \tilde . $=0$ , (1)
, :
$p=p(x)$ , $u= \frac{1}{2_{t^{\mathrm{t}}}}\frac{\partial p}{\partial x}\approx^{2}+C_{1}’z+C_{2}$ , $\int_{0}^{h}.\frac{\partial\iota\iota}{\partial x}.\cdot \mathrm{d}\approx+[u’]_{0}^{\mathit{1}\iota}=0$. (2)
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1. 2.
, 1 $U$ $L$
, ( $h_{0}$ ) E (
’ . , $z=h(x)$
$\mathrm{n}=(h_{x}, -1)/(1+h_{x}^{2})^{3/2},$ $\mathrm{s}=(1, h_{x})/(1+h_{x}^{2})^{3/2}$ ,
$z=h(x)$ $u=w=0,$ $z=0$ $u=U,$ $w=0$ . (2) $C_{1}.C_{2}$
, $p$
$H_{\xi}= \frac{1}{6}(H^{3}P_{\xi})_{\xi}$ , (3)
. , $\xi=x/L,$ $H=\epsilon^{-1}h/L,$ $P=\epsilon^{-2}p(L/\mu U)$ . (3)
$H$ $P$ ,
( ) .
, 2 , $z=0$ $u=w=0,$ $z.=h$ $u=0,$ $w=\partial h/\partial t$ .
(3)
$H_{\tau}= \frac{1}{12}(H^{3}P_{\xi})_{\xi}$ , (4)
. , $\tau=tU/L,$ $w\sim U$ .
, $H=H(\tau)$ , $\xi=0,1$ $P=0$ , $F(= \int_{0}^{1}P\mathrm{d}\xi)$ , $\tau=0$ $H=H_{0}$












$\rho,$ $\mu$ , $g$ , $\phi$ . , $\theta$
$\theta_{0},$ $\theta_{\infty}$ , , $\alpha_{th}$ . , $\sigma$
, $\mathrm{d}\sigma/\mathrm{d}\theta=-\gamma(\gamma>0)$ , $k_{th}$ , $c$ . ,




$\rho c(\theta_{t}+u\theta_{x}+w\theta_{z})=k_{th}(\theta_{xx}+\theta_{zz})$ . (8)
$z=h$ , , , (
)
ht+uh $w=0$ , (9)
$\mu(1-h_{x}^{2})(u_{z}+w_{x})+2\mu(w_{z}-u_{x})h_{x}=\sigma_{x}(1+h_{x}^{2})^{-1/2}$ , (10)





. , $\lambda$ , $u_{0}$ , $h_{0}/\lambda=\epsilon\ll 1$ ,
$p_{x}\sim\mu u_{zz}$ . , $t\sim\lambda/u_{0}\sim\epsilon^{-1},$ $x\sim\lambda\sim\epsilon^{-1},$ $z\sim h_{0}\sim 1,$ $u\sim 1,$ $w\sim\epsilon$ [
, $p\sim\mu/\epsilon\sim\epsilon^{-1}$ , :
$\xi=\epsilon x/h_{0}$ , $(=z/h_{0}, \tau=\epsilon t(u_{0}/h_{0})$ , (15)
$H(\xi, \tau)=h/h_{0}$ , $U(\xi, \zeta, \tau)=u/u_{0}$ , $W(\xi, \zeta, \tau)=\epsilon^{-1}w/u_{0}$ , $P(\xi$ , $(, \tau)=\epsilon ph_{0}/l^{\iota u_{0}}$ .
$\Phi(\xi, \zeta, \tau)=\epsilon\phi h_{0}/\mu u_{0}$ , $\Theta(\xi,$ $(, \tau)=(\theta-\theta_{\infty})/(\theta_{0}-\theta_{\infty}),$ $\mathrm{I}=(\Sigma_{0}-M\ominus)=\epsilon\sigma/\mu U_{0\backslash }$ (16)
$\epsilon$ :






. , $\mathrm{W}\mathrm{e}=\sigma_{0}/_{l}\iota_{0}(\sim\epsilon^{-3})$ ,
$\mathrm{B}\mathrm{i}=\alpha_{th}h_{0}/k_{th}$ , $\mathrm{M}=\Delta\sigma/_{l}\iota\tau\iota_{0}$ , $\Phi|_{\zeta=H}=GH$ $\triangle$
. (19) $[]$ 1 , 2 , 3 }
( 1
, $k.$ , $\omega$ H-
(19)
$\omega+[.\frac{k^{4}\epsilon^{3}\mathrm{W}\mathrm{e}}{3}+\frac{G}{3}k^{2}-.\frac{\mathrm{B}\mathrm{i}\mathrm{M}}{2(1+\mathrm{B}\mathrm{i})}k^{2}]=0$.
. $\mathrm{B}\mathrm{o}=\mathrm{G}/\mathrm{W}\mathrm{e}=\rho gl\mathrm{t}_{0}^{2}/\sigma_{0}$ ,
$0<k<k_{c}=\sqrt{-\frac{\mathrm{B}\circ}{\epsilon^{3}}+\frac{3\mathrm{B}\mathrm{i}}{2\epsilon^{3}(1+\mathrm{B}\mathrm{i})}\frac{\mathrm{M}}{\mathrm{W}\mathrm{e}’}}$
$k$ $\omega>0$ .
(21) M=0( ) $\mathrm{B}\mathrm{o}\geq 0$ ;
, (19) ,
. , $\mathrm{W}\mathrm{e}=0,$ $\mathrm{M}=0$ , .
( ) . . $($
( $\xi$ $H$ 0)
[6]. , $H=1$
, $\tau=0$ $\xi$ $\tau>0$
$\backslash \cdot$
, $\mathrm{M}=0$ ( ) , $\mathrm{B}\mathrm{o}<0$ $\mathrm{G}<0$ ,
. - ,
. , (19) 2
3 , 6 :
[7].











4 $\psi$ [9]. , (6), $(^{arrow}()$
$\phi_{x}=-\rho g\sin\psi,$ $\phi_{z}=\rho g\cos\psi$ . $h_{0}/\lambda=\epsilon(\ll 1)$ , $p_{x}\sim\ell\iota\tau\iota_{\sim}- z$
, $p\sim l\iota/\epsilon\sim 1$ .
$h_{0}$ , $u_{0}=h_{0}\rho g\sin\psi/2l\iota$ – :
$\xi=\epsilon x/h_{0}$ , $\zeta=z/h_{0}$ , $\tau=\epsilon t(u_{0}/h_{0})$ , (22)
$H(\xi, \tau)=h/h_{0}$ , $U(\xi, \zeta, \tau)=u/u_{0}$ , $W(\xi, \zeta, \tau)=\epsilon^{-1}w/u_{0}$ , $P(\xi,\tilde{\zeta}, \tau)=p/\rho u_{0}^{2}$ , (23)
,
$(U, W, P)=(U_{0}, W_{0}, P_{0})+\epsilon(U_{1},$ $W_{1}$ , $P\text{ }+\epsilon^{2}(U_{2)}W_{2}, P_{2})\cdots$ . (24)
, $\epsilon$ . , $\mathrm{o}(1)$ $\mathrm{O}(\epsilon)$
$U_{0}=2 \zeta(H-\frac{1}{2}\zeta)$ , $P_{0}=(H- \zeta)\mathrm{F}\mathrm{r}\cos\psi-\epsilon^{2}\frac{\mathrm{W}\mathrm{e}}{{\rm Re}}H_{\xi\xi}$ , $V_{0}=-H_{\xi}\zeta^{2}$ , (25)
, $\mathrm{O}(\epsilon^{2})$
$H_{\tau}+2H^{2}H_{\xi}+ \epsilon[\frac{8}{15}{\rm Re} H^{6}H_{\xi}-\frac{2}{3}\cot\theta H^{3}H_{\xi}+\frac{1}{3}\epsilon^{2}\mathrm{W}\mathrm{e}H^{3}H_{\xi\zeta\xi}]_{\xi}=0$ , (26)
. , ${\rm Re}=h_{0}u_{0}\rho/\mu$ , $\mathrm{W}\mathrm{e}=\sigma/\mu u_{0}$ , $\mathrm{F}\mathrm{r}=h_{0}g/u_{0}^{2}$
, $\mathrm{R}\mathrm{e}\mathrm{F}\mathrm{r}=2/\sin\psi$ . , ${\rm Re}\sim 1$
,
[10].
(26) $\omega=\omega_{R}+\mathrm{i}\omega I$ , $H-1\propto\exp[\mathrm{i}(k\xi-\omega\tau)]$
:
$\omega_{R}=2k$ , $\omega_{I}=\epsilon k^{2}[\frac{8}{15}{\rm Re}-\frac{2}{3}\cot\theta-\frac{1}{3}\epsilon^{2}\mathrm{W}\mathrm{e}k^{2}]$ . (27)
(27) 1 $v_{p}=\omega_{R}/k=2$ ,
$u_{0}$ 2 . , 2 Rc $=(5/4)\cot\theta$ , ${\rm Re}\leq$
Rc $\omega_{I}\leq 0$ , ${\rm Re}>\mathrm{R}\mathrm{c}$
$0<k<k_{c}=2^{\cdot}\sqrt{\frac{2({\rm Re}-\mathrm{R}\mathrm{c})}{5\epsilon^{2}\mathrm{W}\mathrm{e}}}$ , (28)
$\omega_{I}>0$ . $k=k_{m}=k_{c}/\sqrt{2}$.
$(\omega I)_{\max}=(3\epsilon)/(\epsilon^{2}\mathrm{W}\mathrm{e})[8({\rm Re}-\mathrm{R}\mathrm{c})/15]^{2}$ , ${\rm Re}$ Rc
. , \psi =\pi /2( ) , $\mathrm{R}\mathrm{c}=0$ .
, ,
. , $\delta$ . ${\rm Re}\sim \mathrm{R}\mathrm{c}+\mathrm{O}(\delta^{2})$
, $H-1=\delta A(\tau_{2})\exp[\mathrm{i}(k\xi-\omega_{R}\tau)]+C.C$ . , $\tau_{2}=\delta^{2}\tau$
, $\omega_{I}\sim\delta^{2}$ . , (26) , $\mathrm{o}(\tilde{\delta}^{3})$
:
$|A|_{\tau_{2}}=\omega_{I}|A|+J|A|^{3}$ , (29)
, $J$ $k$ $0<k<k_{s}=k_{c}/2$ $J>0$ , ks<k<k $J<0$ .
, (29) $|A|$ , 2 ,
139
. . 2
. $\omega_{I}$ $0<k<\Lambda_{\grave{\mathrm{t}}}$. , ks<k<k $J<0$ .
$|=\sqrt{-\omega_{I}/J}$ ( ). , $0<k<k_{s}$



















$l^{J_{x}}\sim\mu u_{xx}$ . , ,
, $p_{x}\sim\rho\cdot n_{\mathrm{t}}$ . ,






4.1 $\mathrm{f}\mathrm{f}\mathrm{l}\mathrm{R}1_{-}^{-}\mathrm{A}o \mathrm{J}j\not\in(*\backslash \mathrm{f}\mathrm{f}\mathrm{f}\mathrm{l}\yen-\vdash.)$




, $(k\ll 1)\}$ $v_{s}=\sqrt{\sigma b_{0}/2\rho}$. , (30) $\omega\sim v_{s}k^{2}(1-k^{2}b_{0}^{2}/24+\cdots)$
. $\mathrm{A}\mathrm{a}$ $\exp[\mathrm{i}(kx-\omega t)]\sim\exp[\mathrm{i}(kx-k^{2}v_{s}t)]$ , $k\sim\epsilon$
$0(1)$ , $x\sim\epsilon^{-1},$ $t\sim\epsilon^{-2}$
. , $p_{x}\sim\rho u_{t}$ $p\sim\epsilon u$ $\iota\dot{\iota},$ $\sim \mathrm{e}\iota\{$
. , $u$ $\omega/k$ $u\sim\omega/k\sim k\mathrm{t}_{S}’.\sim\epsilon$ .




$\xi=\epsilon(x/b_{0})$ . $\zeta=\approx/b_{0}$ , $\tau=\epsilon^{2}t(\nu/b_{0}^{2})$ , (.31)
$U=\epsilon^{-1}ub_{0}/\nu$ , $w(\nu/b_{0})=\epsilon^{2}\nu V$, $p(b_{0}^{2}./\rho\nu^{2})=\epsilon^{2}P$ , $h_{\pm}/b_{0}=H_{\pm}$ , $\theta/\overline{\theta}=$ . (.32)
, $\nu=\mu/\rho,$ $b_{0}$ , $z=h_{\pm}$ , $\overline{\theta}$
. , :




$U_{0}=- \frac{\mathrm{M}\mathrm{B}\mathrm{i}\Delta\ominus}{(\mathrm{B}\mathrm{i}b+2)^{2}}b_{\xi}\zeta+C^{r}(\xi, \tau)$, $\ominus_{0}=\frac{\mathrm{B}\mathrm{i}\Delta\ominus}{\mathrm{B}\mathrm{i}b+2}.(\zeta-7\mathfrak{j})+1$ . (.34)
. , $E$ ,
$\eta=\frac{\mathrm{M}\mathrm{B}\mathrm{i}\Delta\ominus}{4\mathrm{S}}[\frac{b^{2}}{(\mathrm{B}\mathrm{i}b+2)}-E]$ , $(3\cdot\overline{.)}\rangle$
, , $(\eta=0)$ ,
. , $b$ $C’$ $\mathrm{p}_{1}$ .
$b_{\tau}+(bC) \xi-\mathrm{M}\mathrm{B}\mathrm{i}\Delta\ominus[\frac{\eta bb_{\xi}}{(\mathrm{B}\mathrm{i}b+2)^{2}}]_{\xi}=0$, (36)
$b(C_{\tau}’+C’C \xi-.\frac{\mathrm{S}}{2}b\xi\xi\xi)=4(bC\xi)\epsilon+\mathrm{M}\mathrm{B}\mathrm{i}\Delta\ominus[\cdots]+(\mathrm{M}\mathrm{B}\mathrm{i}\Delta)^{2}[\cdots]$ , $(.\cdot 3_{\mathfrak{l}}^{-})$









$({\rm Re}\omega\geq 0,{\rm Im}\omega=0),$ $\Delta_{c}>\Delta\ominus\geq\Delta\ominus_{s}$
$({\rm Re}\omega<0,1\mathrm{m}\omega=0)$ ,











$\omega=\sqrt{\frac{\sigma k^{3}}{\rho}\coth\frac{kb_{0}}{2}}$ , (38)
. , . } $v_{a}=\sqrt{2\sigma/\rho b_{0}}$
, $\omega\sim v_{a}k(1+k^{2}b_{0}^{2}/24+\cdots)$ [ , }
$\mathrm{h}$ $\exp[\mathrm{i}(kx-\omega t)]\sim\exp[\mathrm{i}k(x-v_{a}\mathrm{F})-$
$\mathrm{i}(k^{3}/24)v_{a}b_{0}^{2}t]$ , $k\sim\epsilon$ , $x-v_{a}t\sim\epsilon^{-1},$ $t\sim\epsilon^{-3}$
$\mathrm{i}$ . ,
$p_{x}\sim\rho u_{t}$
$p\sim\epsilon^{2}u$ , $w\sim\epsilon u$ , } $u\sim\omega/k\sim v_{a}\sim 1$ .
,
$\xi=\epsilon(x-v_{a}t)$ , ( $=z,$ $\tau=\epsilon^{3}t$ , $u=U$, $w=\epsilon W$, $p=\epsilon^{2}P$, (39)
,
$(U, W, P)$ $=$ $(U_{0}, W_{0}, P_{0})+\epsilon^{2}(U_{1}, W_{1}, P_{1})+\epsilon^{4}(U_{2}, W_{2}, P_{2})+\cdots$ , (40)
$(b, \eta)$ $=$ $(b_{0}, \eta 0)+\epsilon^{2}(b_{1}, \eta_{1})+\epsilon^{4}(b_{2}, \eta_{2})+\cdots$ , (41)
. .
$\epsilon$ . $U_{0}=v_{a}$ $b_{0}$ , $\mathrm{O}(\epsilon^{4})$ 1< dV




. (42), (43) :
$\eta_{0}=A\exp(\mathrm{i}\tilde{\theta})+C’.C’$ , $\eta_{1}=-(3/16)A^{3}\exp(3\mathrm{i}\tilde{\theta})+C’.C$ . (44)
, $\tilde{\theta}=\tilde{\xi}-(v_{a}b_{0}^{2}/24)\tau,\tilde{\xi}=\xi+\epsilon^{2}v_{a}b_{0}^{2}(b_{0}^{2}/640+|.4|^{2}/16)\tau$
.
(44) , $\epsilon$ ( ) $\eta$




, , $u,$ $w,$ $p$ [14]:
$u(x, z, t)$ $=$ $u_{0}(x, t)+(z-\eta)u_{1}(x, t)+(z-\eta)^{2}u_{2}(x, t)+\cdots$ ,
$w(x, z, t)$ $=$ $w_{0}(x, t)+(z-\eta)w_{1}(x, t)+(z-\eta)^{2}w_{2}(x, t)+\cdots$ , (45)
$p(x, z, t)$ $=$ $u_{0}(x, t)+(z-\eta)p_{1}(x, t)+(z-\eta)^{2}p_{2}(x, t)+\cdots$ .
, $h_{\pm}$ , $\eta=(h_{+}+h_{-})/2$ ,
b=h $h_{-}$ , $|z$ -\eta |\leq |h $\eta|=b/2$ .
, , ,
,
$b_{t}+(u_{0}b)_{x}=0$ , $w_{0}=\eta_{t}+u_{0}\eta_{x}$ ,
$u_{0t}+u_{0}u_{0x}=- \frac{P_{x}}{\rho}+\frac{\Delta P}{\rho b}\eta_{x}$ , $w_{0t}+u_{0}w_{0x}=- \frac{\Delta P}{\rho b}.$ , (46)
[ , 15]. , $P=(P_{+}+P_{-})/2$ , \triangle P=P $P_{-}$ ,
$P_{\pm}=\mp\sigma$ ( $\eta_{xx}$ $b_{xx}/2$ ) $f_{\pm},$ $f_{\pm}=(1+\eta_{x}^{2}\pm\eta_{x}b_{x}+b_{x}^{2}/4)$ . (46) ,
, $x,$ $z$ . , , $\eta=0$
$b_{t}+(u_{0}b)_{x}=0$ , $u_{0t}+u_{0}u_{0x}=- \frac{\sigma}{2\rho}\{\begin{array}{l}2b_{xx}()\end{array}\}$ , (47)
, .
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